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Weyl semimetal is a three-dimensional material with a conical spectrum near an even number
of point nodes, where two bands touch each other. Here we study spectral properties of surface
electron states in such a system. We show that the density of surface states possesses a logarithmic
singularity for the energy ε→ 0. It decreases linearly at the intermediate energy of surface electron
states and approaches zero as
√
1− ε for ε → 1. This universal behavior is a hallmark of the
topological order that offers a new wide range of applications.
PACS numbers: 73.20.At, 73.20.-r, 03.65.Vf
Introduction.– New classes of matter known as topo-
logical insulators and Weyl semimetals are characterized
by the linear dispersion of low-energy electron excitations
on the surface and in the bulk, respectively. The states
on the surface of these so-called Dirac materials have a
fixed spin orientation for each momentum. The electron
states in topological insulators [1–3] are topologically or-
dered and protected by the time-reversal symmetry. A
condition for the existence of Weyl semimetal is break-
ing of either inversion or time-reversal symmetry. The
topological order manifests itself as massless Dirac modes
propagating along the edge or the surface of topologi-
cal insulators or in the bulk of Weyl semimetals. Study
of the properties of surface electron states, being a hall-
mark of the topological order, enables one to clarify some
features of the topological order in the bulk. It should
be noted that the topological classification [4–7] of phase
states in topological insulators has been extended toWeyl
semimetals [8]. The transport features of Weyl semimet-
als [9, 10] related to the chiral anomaly as well as the
spectrum of collective excitations [11, 12] were recently
studied (see reviews [13, 14]). Oscillations of the density
of bulk states in Weyl semimetals in a strong magnetic
field and their experimental signatures have been ana-
lyzed in Ref. [15].
In this paper, we examine the properties of Weyl
semimetals when the time-reversal symmetry is pre-
served, while the spatial inversion symmetry is broken
[16], focusing on the density of surface states. This type
of Weyl semimetal is studied in Ref. [17] in which the
spectrum of surface states is obtained. It has the form
E(kx, ky) = 4t sin
kxa
4
sin
kya
4
(1)
and is shown in Fig. 1. Here k = (kx, ky) is the two-
dimensional wave vector, t is the integral of nearest-
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FIG. 1. The spectrum of surface states in Weyl semimetal.
The point denotes kx = ky = 0.
neighbor hopping, and a is the lattice constant.
Density of surface states.– The density of surface states
is defined by the integral over the surface Brillouin zone
(BZ) |kx±ky| ≤ 2pia of the delta function δ[E−E(kx, ky)]
as follows
N(E) =
∫
BZ
d2k
(2pi)2
δ[E − E(kx, ky)]. (2)
Having introduced the dimensionless quantities, i.e., the
density of surface states n(ε) = N(E)/N0 with N0 =
4/(pi2a2t), the energy ε = E/(2t), the wave vector com-
ponents (x, y) = (kxa/4, kya/4), after the change of vari-
ables ξ = x− y, η = x+ y, we obtain
n(ε) =
1
4
pi/2∫
−pi/2
dξ
ξ∫
−ξ
dηδ[ε− cos ξ + cos η] =
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FIG. 2. The density of surface states n(ε) vs. the energy ε in
Weyl semimetal.
=
1−ε∫
0
dt√
(1 − t2)[1− (ε+ t)2] =
ϕ∫
0
dα√
1−m sin2 α
. (3)
The amplitude ϕ = arcsin
√
2(1−ε)
2−ε and the parameter
m = 1 − (ε/2)2 of the elliptic integral of the first kind
F (ϕ,m) =
ϕ∫
0
dα√
1−m sin2 α
equal to the density of surface
states depend on the energy ε in the range 0 < ε ≤ 1. The
asymptotic values of the elliptic integral of the first kind
determine the behavior of the density of surface states
for ε→ 0 and ε→ 1 as follows
n(ε) =
{
ln tan(pi4 +
ϕ
2 ), ε→ 0 (ϕ→ pi2 ),√
2(1−ε)
2−ε ε→ 1 .
(4)
The density of surface states versus the energy ε in the
range 0.1 < ε ≤ 1 is shown in Fig. 2. It should be noted
that the density of surface states in Eq. 3 is valid in
the energy range until the surface states merge with the
bulk electron state continuum [17]. This energy range is
smaller than the interval (0, 1).
Discussions.– The density of states is determined by
the dispersion of the electron spectrum and the spatial
dimensionality d of the considered problem. It is usu-
ally a non-decreasing function of energy. The exception
is the one-dimensional case with the quadratic spectrum
Ep = p
2/2me when N(E) ∼ E−1/2. For comparison,
the density of surface states in topological insulators is
equal to N(E) = E
2pi~2v2
F
, while it equals N(E) = E
2
2pi2~3v3
F
for the bulk states in Weyl semimetals, where vF is the
Fermi velocity. The restriction of the phase space affects
the contribution to thermodynamic characteristics, e. g.,
by reducing the specific heat C ∼ T d for Dirac mate-
rials, where T is the temperature and d = 2, 3. In the
considered two-dimensional problem, the origin of the de-
creasing function n(ε) is the saddle point at the surface
Brillouin zone center, which leads to the appearance of
the Van Hove singularity for ε = 0.
Due to the decrease of the function n(ε) in the inter-
mediate region of energy, the density of surface states
is generally more similar to the behavior in two one-
dimensional perpendicular Dirac metals than to the be-
havior in a two-dimensional Dirac metal that exists on
the surface of numerous topological insulators. In such
a way, we confirm the approach [18, 19] based on the
idea that one can consider this surface electron system as
a composition of one-dimensional orthogonal Luttinger
electron wires. We would also like to mention another
example of very anisotropic quasi-one-dimensional Dirac
electronic states on the surface of Ru2Sn3 [20].
The knowledge of N(ε) and the value N(εF ) at the
Fermi energy εF is important for studying the internal
electrostatic effects and the external gate-voltage effects
[21]. The quantum capacitance CQ per unit area of a two
dimensional system is given, e. g., by CQ = e
2N(εF ),
where e is the electron charge. This could be used for ex-
perimental check of the features of the density of surface
states in Weyl semimetals. The density of states also
determines the dc conductivity σdc. Einstein’s formula
σdc = e
2N(εF )D expresses σdc in terms of the density
of states and the diffusion constant D = v2F τ , where τ
is the transport lifetime. Obviously, we have thereby
a contribution of the surface conductivity to the total
one in tanneling in Weyl semimetals. As for the distri-
bution of spin degrees of freedom, bulk states for one
Dirac node in Weyl semimetal resemble chiral quasi-spin
configurations in graphene, while surface states in Weyl
semimetal are analogs of helical distributions of spin di-
rections in topological insulators. The energy spectrum
and the spin texture of surface states can be experimen-
tally studied using the tunneling spectroscopy technique,
for which the behavior of the density of surface states is
the key one.
In conclusion, we have calculated the density of sur-
face states in Weyl semimetals and have shown that it
possesses the logarithmic singularity for ε → 0 decreas-
ing linearly at the intermediate energy of surface electron
states and approaching zero as
√
1− ε for ε → 1. It re-
sembles the behavior of the set of two orthogonal one-
dimensional Dirac metals embedded in two-dimensional
space.
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